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An n-square matrix is said to be a partially non-positive (p.n.p.) matrix 
if each of its principal minors is non-positive. Further, we say that a 
p.n.p. matrix is a partially negative (p.n.) matrix if no principal minor is 
zero. In [l], the class of p.n. matrices were studied in connection with 
Lemke’s algorithm for solving linear and convex quadratic programming 
problems. 
The purpose of this note is to obtain some spectral properties for these 
matrices. 
THEOREM 1. If A is a p.n.9. matrix having some principal minor non- 
zero, then A has exactly one negative eigenvalue. 
Proof. Let B = - A. If p, denotes a k-order principal minor of B, 
we see that 
Pk is 
{ 
< 0 if k is even 
3 0 if k is odd. 
Consequently, if ck denotes the sum of all p, of order k, we have 
. < 0 if k is even 
” ls { > 0 if k is odd. 
Moreover, since some p, # 0, then some cls # 0. Thus, the characteristic 
polynomial of B, 
f(a) = 1” - 2 SkAn-‘, 
k=l 
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where sk = (- 1) k+l~k >, 0, and sk > 0 for some k. Hence f(n) must have 
exactly one positive root. Consequently, A must have exactly one negative 
characteristic root since the characteristic roots of A are the negative of 
the characteristic roots of B. 
THEOREM 2. If A is a 9.n. matrix then A has exactly one negative 
characteristic root, iii, such that /II) > 111 f OY each characteristic root, I, of A. 
Proof. A p.n. matrix A has exactly one negative characteristic, 2i, 
follows from Theorem 1. Using f(2) f rom (1) above, we have the matrix, 
/o 1 0 0 *** o\ 
c= 
i  
0 0 lo***0 3. 
. . . . 
S?l &l-l . . . Sl 1 
with f(A) as its characteristic polynomial. Since s, > 0, C is an irreducible 
matrix ; thus by the Perron-Frobenius Theorem, C has a positive char- 
acteristic root, - 2i, such that - ill >, 111 for each characteristic root of 
C. From the proof above, - A1 is the positive characteristic root of B and 
consequently the characteristic root, Ji, is the negative characteristic 
root of A. Hence this proves the theorem. 
THEOREM 3. If A is a p.n. matrix having only negative elements in 
some column, then A has a simple negative characteristic value, II, such that 
\I11 > jai for all other characteristic roots of A ; moreover, there is a positive 
characteristic vector associated with Il. 
Proof. It was proved in [l, p. 581 that if A satisfies the hypothesis of 
this theorem, then every element of A is negative. Thus A = - B, where 
B > 0. Therefore, by the Perron-Frobenius Theorem, there exists a vector 
x > 0 associated with a simple positive characteristic root, cc, of B such 
that a > Iii] for all other characteristic roots of B. Clearly, ;ii = - CC is 
the desired characteristic root of A and x is the desired characteristic 
vector. 
Observe that 
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is a p.n. matrix with characteristic roots A1 = - 5 and AZ = 2 having 
(- ;%j4) and (“p) 
as associated characteristic vectors, respectively. Thus, a p.n. matrix 
does not necessarily have a positive vector associated with the negative 
characteristic root of a p.n. matrix. 
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